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Abstract 
In the context of simple perfect squared squares, a step-k transform isa relation between two 
squares, of respective orders n and n + k, such that if one of them is known, the other can be 
found in an elementary way. Many such transforms are known, but only for k = 0 and k = 1. In 
this paper two different step-2 transforms are constructed. By use of them and one of the 
author's own special step-0 transforms, two new simple perfect squared squares of order 28 are 
derived. The diagrams of two 3-clusters of squarings are included. Some open questions are 
indicated. 
1. Introduction 
A simple perfect squared square of order n is a square dissected into n smaller 
squares all differing in size, on the proviso that the square does not contain a rectangle 
or a square that itself is dissected into smaller squares [-4, 9]. Duijvestijn's well- 
known SPSS is of lowest-order 21, and there is no other of that order. Further, there 
are 8, 12, 26, 160, and 441 such squares of order 22, 23, 24, 25, and 26, respectively. All 
these 648 squares were produced by Duijvestijn and his computers I-5-7]. However, 
some of them were found before, either by computer [10] or by transform techniques 
[1, 3, 8]). 
Many SPSS of orders 27 - 30 are known [8], but they form just a small fraction of 
all possible ones, dormant but well out of reach of our present computers. My own 
unpublished tables of SPSS of orders 27, 28, 29, 30 contain 227, 234, 225, and 243 
squares, which increases the total number of known SPSS to 1577, in accordance with 
Skinner's table. Again, the majority of them were obtained by computer (Duijvestijn 
and Skinner with Duijvestijn's oftware); the others were discovered via transform 
techniques by Skinner or by myself. For example, and just for the record, I discovered 
the very first known SPSS of order 24, on 4 December 1990 [1], Similarly, the very 
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first known of orders 28 and 29 were found by me in 1992, on 8 and 17 September 
respectively. 
The 'classical' Transform I of Federico is most useful. It connects two SPSS the 
orders of which differ by 1. To a lesser degree, the same holds for Federico's Transform 
II as well as for Willcocks's Transform III. These three transforms are, what I shall 
call, step-1 transforms. Willcocks's Transforms IV, V, VI then are step-0 transforms. 
Any of the latter connects two SPSS of the same order. 
Many other transforms of these two types have been discovered by Skinner and by 
myself [8]. During quite a time I wondered whether I could find a step-2 transform, 
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Fig. 1. The second of a set of three squarings of order 26 and reduced side 502, Album # 157. 
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n ~ n + 2, where both squares are simple and perfect. Without the latter condition, 
a step-2 transform would be easy to realize by concatenation of Federico's I and II, 
n*--, n + 1 *--, n + 2, but one of the neighbours of n + 1 will always be imperfect, and 
trivially so. 
My dream came true on 6 March 1996, as the following sections reveal. 
2. Constructing a transform of step 2 
As pointed out elsewhere [3], it is very useful to order the elements of the SPSS to 
increasing value. The corresponding 1577 arrays of ordered elements are then to be 
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Fig. 2. The known squaring of order 28 and reduced side 1306, table # 189. 
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sorted lexicographically. Their identifiers as order, reduced size, and catalogue num- 
ber are not affected by the sorting operations, but remain attached to their squares on 
the fly. From a printed version of the resulting table, it is easy to find 2, 3, or more 
successive lines with many elements in common, leading to clusters of squares with the 
property that any one square of the cluster can be derived from any other square of 
the same cluster by some transformation r other. By a refinement of the process, e.g. 
by the additional requirement that you want to look for a transform of step 2, the 
computer can print a short list of candidates, and then, with luck, you get what you 
want. An earlier attempt, for the 648 squares, failed but including the 929 others did 
what I had hoped for. 
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Fig. 3. The third of a set of three squarings of order 26 and reduced side 502, Album # 158. 
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Fig. 4. A new squaring of order 28 and reduced side 1306. 
Now consider Fig. 1, which shows SPSS # 157 of our published Album [3]. The 
heavy lines divide the square into three squared hexagons, two of which also occur in 
Fig. 2 after proper rotation or reflection and scaling. The third hexagon in Fig. 1, at 
bottom-right, is easy to parametrize, and so is the squaring around the two hexagons 
of Fig. 2, with parameters B and C. The final result is a transform of step 2, which will 
be labeled BC-2. For N = 26, B = 32, C = 18 we just get the two squares of Duijves- 
tijn, known for a couple of years. By the way, Fig. 2 is # 189 of my unpublished table 
for order 28. For Transform BC-2 see the lower half of Fig. 7. 
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3. A second transform of step 2 
The SPSS # 158 (Fig. 3) of our Album, also of reduced side 502, and also due to 
AJWD, has the same structure as # 157 (Fig. 1), but the largest of the three hexagons 
considered above is squared ifferently. Applying Transform BC-2 to this # 158 (Fig. 
3), using the same parameters, gives a new order-28 SPSS of the same reduced side 
1306. This square is depicted in Fig. 4. It should be inserted after # 189 of our 
unpublished table. 
The story goes on. It so happens that one of my own step-0 transforms (CJB-1 [8]) 
applied to AJWD's 28 : 1306 (# 189, Fig. 2) gives Skinner's 28: 1256, # 176 (Fig. 5) of 
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Fig. 5. The known squaring of order 28 and reduced side 1256, table # 176. 
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Fig. 6. A new squaring of order 28 and reduced side 1256. 
our table. Accordingly, we have discovered a second transform of step 2, namely that 
between AJWD's (# 157, Fig. 1) and Skinner's (#176, Fig. 5) squares. The latter 
transform is labeled BC-1. If then BC-1 is applied to AJWD's 26:508 (# 158, Fig. 3), 
we find another, new, SPSS 28:1256 as shown in Fig. 6, which finds its place after 
# 176 of our unpublished table. Transform BC-1 is depicted in the upper part of 
Fig. 7. 
For a better overview of all detailed procedures, I refer to Fig. 8 showing two 
3-clusters of identical type. They can be assembled into a 6-cluster on the assumption 
that the HEX-transform between the pair # 157, # 158 is accepted as such, where the 
hexagon can be squared in two different ways. 
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Fig. 7. Two new transforms, both of step 2, the very first ever. 
4. Open questions 
The number of open questions in the theory of squared squares is legion. Some of 
them are reasonable to ask. For example, what is the lowest value of n in a step-2 
transform n~ n + 2. Could it be less than 26? If we had more or all SPSS of order 27, 
we might find a step-2 transform for n = 25. I would even be satisfied to know the 
minimal value of n in BC-1 and/or BC-2. 
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Fig. 8. Two 3-clusters of identical type illustrating our results. 
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What about step-3 transforms? Further, is every SPSS member of some cluster, 
growing with the maximal order of its squares? I have many 3-clusters, 4-clusters, 
5-clusters, 6-clusters, but no 7-cluster. I have an 8-cluster with one hex-transform 
included [8]. 
To end with a very difficult question: what is the mathematical basis of the 
transform techniques beyond merely empiricism and trial? For example, how can we 
understand mathematically the simplest transform I of Federico? Of course, asquared 
hexagon can be considered as a three-pole in electrical network theory, and we can 
draw the polar nets of the two squares involved, but how can the theory of Brooks et 
al. [4] be generalized so as to include combinations ofmultipoles in planar networks 
and flow of currents according to Kirchhoff's laws? Presumably, there is a long way to 
go beyond the stator-rotor theory and a few other polar-net transforms. Here we have 
a great challenge to future mathematicians conversant with planar graphs, combina- 
torics and electrical network theory. 
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